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A whist tournament is said to have the Three Person Property if the intersection of any two tables in 
the tournament is at most two. Specific whist tournaments possessing this property are presented for 
~8, v=4k, 45k59 and for v=4k+l, k~{2,3,4,5,6,7,8,9.10,12,13,15,20,22,24,25,29,30}. Several infinite 
classes of whist tournaments possessing this property are exhibited along with explicit formulas for the 
generation of two infinite classes of Mendelsohn designs. 
1. Introduction 
The Whist Tournament Problem was introduced to the mathematical literature 
by Moore [9] but appeared earlier in whist literature [7,11,13]. Anderson [l] offers 
the following definitions. 
Definition 1.1. A whist tournament, Wh[4n], for 4n players is a schedule of games 
each involving two players against two others, such that 
(i) the games are arranged in 4n - 1 rounds, each of n games, 
(ii) each player plays in exactly one game in each round, 
(iii) each player partners every other player exactly once, 
(iv) each player opposes every other player exactly twice. 
Definition 1.2. A whist tournament, Wh[4n + 11, for 4n + 1 players is a schedule of 
games each involving two players against two others, such that 
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(i) the games are arranged in 4n + 1 rounds, each of n games, 
(ii) each player plays in one game in all but one of the rounds, 
(iii) each player partners every other player exactly once, 
(iv) each player opposes every other player exactly twice. 
Mitchell’s book [l l] provides solutions constructed by Whitfield for u =4n, 
n E Z16\ { 11,12,15} and Moore provides in addition to a few specific solutions 
some infinite classes of solutions for o=4n. Bose and Cameron [5] provide 
necessary conditions for the existence of Wh[u], namely u = 0, 1 (mod 4). They also 
offer some specific solutions although most of their o = 0 (mod 4) solutions suffer 
from lack of resolvability (conditions (i) and (ii)). They provide solutions for the 
infinite class u = 1 (mod 4), u a prime or a power of a prime. Baker [2] demonstrates 
the existence of solutions for all o=O (mod 4) except possibly u = 132, 152, 264 and 
also indicates how to construct solutions in the u= 1 (mod 4) case if appropriate 
Pairwise Balanced Designs (PBD) are known. Baker’s paper contains a number of 
ingenious constructions for the resolvability of the games. Baker and Wilson [3] in 
an unpublished manuscript demonstrate existence of Wh[u] for all u=O, 1 (mod 4) 
except u E { 57,129,152}. Contemporaneously (around 1977) Hanani obtained 
solutions for these exceptional cases and others, independently. Hanani’s manu- 
script was also unpublished and was destroyed by fire. Hartman [8], in 1978, solved 
the existence problem completely. A complete solution to the existence problem is 
also found in Anderson’s recent book [l]. 
In this paper we focus on Wh[u] with the special property that the intersection 
of any two tables is at most 2. It was observed by my colleagues J. Lewis and D. 
Clark that every Wh[8] has this property. This statement is proved in Section 2 along 
with a corresponding statement for u=9. Practically all of the specific Wh[o] 
mentioned earlier do not have this property and there is no cyclic Wh[12] with this 
property. For the cases u = 20 and u = 32, whist tournaments possessing this property 
can be found in Hartman [9]. Several infinite classes of Wh[u] that possess this 
property are displayed in Section 2. In Section 3 we list a number of specific Wh[u] 
that have this property. All of these solutions are of the cyclic type. Mendelsohn’s 
paper [lo] contains the primary construction that was used for most of the solutions 
in the case u= 1 (mod 4). Explicit formulas for two infinite classes of Mendelsohn 
designs are exhibited in this section also. 
2. Basic theorems and existence theorems 
Definition 2.1. A whist tournament is said to have the Three Person Property (alter- 
natively is a 3-P tournament) if the intersection of any two tables in the tournament 
is at most 2. 
Theorem 2.2. Every Wh[8] is a 3-P tournament. 
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Proof. For a Wh[B] each round consists of two tables which we label Table 1 and 
Table 2. Suppose that the theorem is false and suppose that two tables in the Wh[B] 
have intersection greater than or equal to 3. Without loss of generality we can 
assume that these two tables occur at Table 1 in Rounds 1 and 2 and the common 
intersection consists of Players 1, 2, and A. Since each player has three contacts 
(i.e., sits at the same table) with every other player, we can make the following 
assumptions (also without loss of generality). Player 1 sits at Table 1 throughout 
the tournament. Player 2 has the third contact with Player 1 in Round 3 and then 
sits at Table 2 in Rounds 4-7. Now regardless of the arrangement we try we note 
that in Round 6 there is no table available to Player A. 0 
Theorem 2.3. Every Wh[9] is a 3-P tournament. 
Proof. The proof is similar to that of Theorem 2.2. 0 
Theorems 3.21, 3.23, 3.31, and 3.41 of Baker [2] provide constructions of Wh[u] 
by utilizing (without alteration) the tables of smaller, component, Wh[w], w< u. 
Thus if all the component Wh[w] have a particular property then so will the Wh[o]. 
Consequently we can state the following analogs of Baker’s theorems. 
Theorem 2.4. If there exists a uniformly resolvable PBD[u, K, l] (or simply 
PBD[u, K]) such that for each ke K there exists a 3-P Wh[k], k=O (mod 4), then 
there exists a 3-P Wh[v] . 
Theorem 2.5. If there exists a resolvable TD[k, n] such that 
(i) n = 1 (mod 4) and there exists a 3-P Wh[n], and 
(ii) k= 0 (mod 4) and there exists a 3-P Wh[k], 
then there exists a 3-P Wh[o] where v = nk. 
Theorem 2.6. If there exists a PBD[v, K] such that for each k E K there exists a 3-P 
Wh[k], k= 1 (mod 4), then there exists a 3-P Wh[o]. 
Theorem 2.7. If there exists a GDD[K, G, o-l] satisfying 
(i) for each geG there exists a 3-P Wh[g+ 11, g=3 (mod4), and 
(ii) for each keK there exists a 3-P Wh[k], k= 1 (mod4), 
then there exists a 3-P Wh[u]. 
Throughout the following theorems we use the well-known fact that if p is a prime 
or a power of a prime then there exists a complete set of p- 1 MOLS of order p. 
Thus if p is a prime or a power of a prime there exists a resolvable PBD[m .p, 
{m,p}] for all m=3,4 ,..., p. 
In the sequel we will have the occasion to use the following sets: 
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Q,={8,16,20,24,28,32,36}, 
Q,,={p: p= 1 (mod4), p a prime} \ {5}, 
Q,={p’: p=3 (mod4), p a prime), 
QM=Q~UQ~, 
Qs= QdJ {W, 
Qo=Qsu {X33), 
Q=QeuQo. 
Theorem 2.8. There exists a 3-P Wh[u] for all v E Q. 
Proof. For u E QM, Mendelsohn’s theorems [lo] (see Theorems A and B of Section 
3) produce “ Wh[u]-type” block designs possessing the Three Person Property. 
Theorem 3.5 in Bennett and Zhu [4] guarantees that these block designs are 
resolvable (existence is also established via the formulas of Section 3). The result is 
a 3-P Wh[u]. For u E Q \ QrM see Section 3 for explicit solutions. 0 
Theorem 2.9. There exist 3-P Wh[u] for all v=2”, nz3. 
Proof. For n = 3,4,5 see Theorem 2.8. For IZ = 6 the affine plane of order 8 provides 
a resolvable PBD[64,{8}] thus by Theorem 2.4 the resulting Wh[64] is a 3-P tourna- 
ment. For n 27 we proceed inductively as follows. We construct resolvable PBD[2”, 
{ 8, 2”-3}] and since there exists a 3-P Wh[2”-3] there exists a 3-P Wh[2”]. 0 
Theorem 2.10. There exists a 3-P Wh[o] for all v=q”, n2 1 where qE Q,. 
Proof. For n = 1 see Theorem 2.8. We note that each q E Q, is either a prime or a 
power of a prime. For n 22 we proceed inductively by constructing a PBD[q”, 
{q, q”-‘}I and observing that the component tournaments can be chosen so as to 
have the 3-P property. Resolvability is obtained by employing the construction con- 
tained in the proof of Baker’s Theorem 3.31 [2]. Cl 
Theorem 2.11. There exist 3-P Wh[v] for all v=qr’. q? where 41 <q2, nl I+, 
n221, 41, q2EQs. 
Proof. Since there is a PBD[u, {qyl, qTz}] we can select the component tourna- 
ments as 3-P tournaments (Theorem 2.10) and resolve as in Theorem 2.10. 0 
Corollary 2.12. There exist 3-P Wh[o] for all v =21 . qn, n 11, where qE Q,, 
21 <q”. 
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Corollary 2.13. There exist 3-P Wh[v] for ali v = 33 - qn, nz 1, where q E Q,, 
33 <q”. 
Corollary 2.14. The theorem is still valid if the conditions are replaced by qi E Q,, 
4:’ < q;*. 
Theorem 2.15. If v = 32m, m L 24, and if there exists a 3-P Wh[4m] then there exists 
a 3-P Wh[v]. 
Proof. Since n,1780 [6] there exists a resolvable PBD[v, {8,4m}]. q 
Theorem 2.16. If q E Q, then there exists a 3-P Wh[q”‘. 2t], m 2 1, for all 3 I t such 
that 2’<q”. 
Proof. In Theorem 2.5 set k=2’ and n =q”‘. 0 
Theorem 2.17. If t E Q, then there exists a 3-P Wh[t . q”‘], m 11 for aN q E Q, such 
that qm > t. 
Proof. Apply Theorem 2.5 with k = t and n =q”‘. 17 
Theorem 2.18. If /CE (153,273) then there exists a 3-P Wh[k]. 
Proof. There is a PBD[153, {9,17}], and the existence of a projective plane of order 
16 implies the existence of a PBD[273, (1711. Apply Theorem 2.6, Resolvability in 
each case is as in Theorem 2.10. 0 
Theorem 2.19. Let g E { 19,23,31} U {x: x is a mersenne prime} then there exists a 
3-P Wh[q" . g + l] for all q, n such that q E Q,, n 2 1 and q”< g. 
Proof. There exists a GDD[{q”}, {g}, q”. g] and a 3-P Wh[q”l exists (Theorem 
2.10) and a 3-P Wh[g+ l] exists (Theorems 2.8 and 2.9), hence there exists a 3-P 
Wh[q”. g+ l] (Theorem 2.7). 0 
Corollary 2.20. If n = 1 then Q, can be replaced by Qo. 
Theorem 2.21. If v = fly= 1 qi where n > 2 and qiE QM then there exists a 3-P 
Wh[v]. [Note that we do not require that the qi be distinct.] 
Proof. See the discussion following Theorem B’ of Section 3. 0 
Lemma 2.22. There exist PBD[72, { 8,9}] and PBD[80, { 8,9}]. 
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Proof. Remove one (1) element from the projective plane of order 8 and the affine 
plane of order 9 respectively. 0 
The following theorem is modelled after Anderson’s Theorem 13.5.3 [l] and can 
be used to generate many 3-P Wh[o], u= 1 (mod 4). 
Theorem 2.23. If N(t) 18 and Or h I t then a PBD[72t + 8h + 1, {9,8t + 1,8h + l}] 
exists. 
Proof. Since N(t)? 8, a TD(lO, t) exists. In this TD we remove t-h elements, all 
from the same group, to obtain a design on 9t + h elements that has nine groups of 
size t, one (1) group of size h and blocks of size 9 or 10. In this latter design we 
replace each element by eight (8) new elements thus producing a structure on 
72t + 8h elements whose “groups” are of size 8t or 8h and whose “blocks” are of 
size 72 or 80. This structure is made into a GDD by applying the lemma to each 
“block” by considering the PBD’s as GDD’s whose groups are the blocks of size 
8 and whose blocks are the blocks of size 9. Discard all the groups of size 8 thus 
produced. The resulting design is a GDD[72t + 8/z, {9}, { 8t, 8h}]. As a final step we 
add a new element (say 00) to each group of this GDD. The final design is the desired 
PBD. q 
Corollary 2.24. ZfN(t)z8 and ifh and t, O<hl t, are such that a 3-P Wh[8t+ l] 
exists and a 3-P Wh[8h+ l] exists then there exists a 3-P Wh[72t+8h+ 11. 
Proof. Resolvability is as in Theorem 2.10. 0 
Naturally many further results can be obtained by juggling the above theorems. 
For example Theorem 2.16 asserts the existence of a 3-P Wh[72]. Hence we can ad- 
join 72 to the set Q, and extend the scope of Theorem 2.17, etc. 
3. Explicit 3-P wh 101 
Most of the solutions that are presented here were obtained by utilizing the 
following two theorems of Mendelsohn [lo]. 
Theorem A [lo, Theorem 11. Let o be any odd integer, o = 1 (mod 4), which can be 
expressed as a sum of two squares. Then there exists a BIBD with parameters v, 
b = v(v- 1)/4, k = 4, l. = 3, and r = v- 1. Also the blocks can be ordered cyclically in 
such a way that every unordered pair of elements a, b will appear in the blocks in 
ail possible positions, viz., (a, b, *, *), (b, a, *, *), (a, *, b, *). 
Theorem B [lo, Theorem 31. Zf p is a prime, p # 5, p= 1 (mod 4), the special BIBD 
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of orderp, constructed in Theorem A is such that no two blocks have three elements 
in common. If p is a prime, p = 3 (mod 4), the corresponding design of orderp2 has 
the same property. 
If we think of the blocks in Theorem A as whist tables (N, E, S, W) with N-S part- 
ners and E-W partners then the BIBD yields the tables of a Wh[u]. There is no 
guarantee of resolvability however. In the special cases associated with Theorem B 
we have achieved resolvability for all q E QM Thus for these values Theorem B 
guarantees that the corresponding Wh[u] has the Three Person Property. In the other 
cases listed below one has to test the Wh[v] for this property. This was accomplished 
with the use of a computer program. In all cases the solutions are cyclic thus only 
the initial round of the Wh[u] is given. The remaining rounds are obtained by 
developing the initial round mod(o- 1) in case u = 0 (mod 4) and mod u in case u = 1 
(mod 4) with the exception of the cases u =9( = 32), 49( = 72), and 121( = 1 12) for 
which the development is via the elements of GF(p2) (abbreviated mod GF(p2)) 
where GF(p2) is obtained by adjoining a solution of x2+ 1 =O (modp) to GF(p). 
Two other exceptions are the cases u= 81( =32. 32) where the development is 
mod(GF(32), GF(32)), and 0=117(=3~. 13) where the development is mod(l3, GF(32)). 
Mendelsohn’s constructions for the BIBD in the case UEQ~ are as follows. If 
u E Qp then the elements are those in GF(p) and we choose XE GF(p) such that 
2 = - 1 (mod p). The BIBD is obtained by forming all distinct quadruples (a, b, c, d) 
such that a,b,c,dEGF(p), c=xa+(l-x)b and d=xb+(l-x)c=(l +x)a-xb. If 
u E Qg then the elements are in GF(p2) where GF(p’) is obtained by adjoining a 
root of x2+ 1~0 (modp) to GF(p). The construction of the BIBD is as above. The 
following formulas provide cyclic solutions, obtained by choosing suitable values 
for a, 6. 
Construction 3.1. u E Qp, p = 4n + 1. Let y denote a primitive element for GF(p), 
then there are two choices for x, x= y” or x= y 3n If x=y” then an initial set of .
blocks is (v”, y3n+m, y2n+m, y”‘“), m =O, 1 ,...,n-1. Ifx=y3”thenaninitialsetof 
blocks is (ym,y”+M,y2”+m,y3”+m), m=O,l,..., n-l. 
Construction 3.2. u E Qg, p = 4n + 3. The initial set of blocks consists of 2n + 1 
blocks of the form 
(i, (p-i)x,p-i, ix), i=1,2,...,2n+l 
and (2n + 1)2 blocks of the form 
(ix+i+j, (p-i-j)x+i, (p-i)x+(p-i-j), (i+j)x+(p-i)) 
i= 1,2, . . . ,2n+ 1; j=O, 1, . . . . p-2i- 1. 
In each of these formulas it is easy to verify that the quadruples are of the 
Mendelsohn form. In spite of the fact that both constructions yield designs that 
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possess the Mendelsohn property it need not follow that the 3-P property holds. See, 
for example, the case 0=5’ below. To demonstrate that these initial blocks ge- 
nerate the BIBD it is enough to show that the partner differences cover the nonzero 
elements of the corresponding Galois field exactly once and that the opponent dif- 
ferences cover these elements exactly twice. The details are cumbersome but not dif- 
ficult. The above formulas are reasonably easy to apply. For Construction 3.1 many 
books of mathematical tables list primitive elements for a large number of primes. 
The formula of Construction 3.1 could be used in the case u E Qg also. In this case 
however explicit information relating to primitive elements is not so well known nor 
very easy to obtain. Construction 3.2 has the distinct advantage in that it requires 
nothing more than plugging in the appropriate values of i and j, no knowledge of 
primitive elements (or of x) is required. We restrict our attention to p = 3 (mod 4) 
so that we can invoke Theorem B indeed if one constructs the BIBD for u = .5*, the 
design does not have the 3-P property as is evidenced by the presence of the blocks 
(0,x+2,4x+3,3x+ 1) and (x+2,3x+ 1,4x+3,2x+4). 
The 3-P solution listed below for u = 25 if of “Z2s-type” and was obtained with the 
use of a computer. 
The Mendelsohn construction can be generalized [lo] to the case u = nl= 1 qi 
where n 22, qie Q,+,_, and the qi need not be distinct. The elements are n-tuples, 
a=(al,a2,..., a,) with aj E GF(qj). The BIBD consists of all distinct quadruples 
(a, b, c, d) for which 
yi=X;CZi+(l -Xj)pi, i= 1,2,...,n 
and 
6;=(1 +Xi)aj-X;P;, i= 1,2, . . . . n 
where Xi is the appropriate Mendelsohn factor associated with GF(qi). Theorem B 
generalizes for these cases. 
Theorem B’. Zf u = 1 (mod 4), u = nr= 1 qi, n ~2, qi E QM, then the direct product 
Mendelsohn design has the Three Person Property. 
Proof. We focus on the three blocks that contain any specific unordered pair a, b. 
Investigation of the equality of any of the possible combinations of elements from 
distinct blocks reduces to a conjunction of cases that are individually identical to 
Mendelsohn’s proof of Theorem B. Hence the Three Person Property is guaranteed 
unless qi= 5 for some i. This is not possible since 5 $ QrM. 0 
Not only does Theorem B’ provide a proof of Theorem 2.21, but it also provides 
an alternative construction for the solutions associated with Theorems 2.10 and 2.11 
(provided that Q, is replaced by QizI). Resolvability is obtained by recognizing that 
Constructions 3.1 and 3.2 can be employed componentwise in the direct product 
case. One must take care, however, to include appropriate initial blocks that contain 
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one or more zero entries in a component. (See the cases o = 8 1 and 117 listed below.) 
The results are completely generalizable and will be presented in a study of cyclic 
Wh[o] that is presently in preparation. 
So that the cases for which u E QM (these are indicated by an (A4)) reflect solu- 
tions to Mendelsohn’s construction, we consider in all cases that the table (a, b, c, d) 
indicates that the partnership a-c is opposing the partnership b-d. We note that 
this is in contrast to most presentations of whist tables wherein (a, b;c, d) denotes 
a-b versus c-d. For the convenience of space we present only those solutions for 
which u% 121 even though explicit solutions have been obtained for many more 
u E Q. We adhere to the usual convention that 03 is an element unchanged under 
development. 
Remark. For u 141, u #4,5,8,9,12 there exist nonequivalent cyclic 3-P Wh[u] other 
than those presented here. If u#8,9,13 there also exist cyclic non 3-P Wh[u]. 
u=8: (03, LO, 5), (692,493); 
u=9 (M): (1,2x,2,x),(x+1,2x+1,2X+2,x+2); 
u=13 (M): (1,8,12,5),(2,3,11,10),(4,6,9,7); 
0=16: (03,9,0,13),(14,5,2,10),(1,4,3,11),(12,7r6,8); 
u=17(M): (1,13,16,4),(2,9,15,8),(3,5,14,12),(6,10,11,7); 
u=20: (03, lo,& 17),(1,6,2,9),(11,8,15,14),(4, 18,123 13),(16,3,7, 
5); 
0=21: (1,19,2,9),(17,3,14,5),(6,10,15,16),(18,12,4,20),(7,13, 
11, 8); 
0=24: (~,22,0,17),(21,9,14,13),(16,3,8,5),(6,12,19,15),(18,20, 
731 l), (491, 10,2); 
u=25: (1,6,3,9), (10,22,14,12), (15,8,21, 16), (18,7,23,19), (13,17, 
5 24), (11,4,20,5); 
u=28: (00, 18,0,23), (4,26,13,2(I), (1,6,2,9), (11,21,15,14), (24,3, 
16,5), (22,12,10,25), (8,7, 19,17); 
0=29 (M): (1,17,28,12),(2,5,27,24),(3,22,26,7),(4,10,25,19),(6, 15, 
23,14), (8,20,21,9X (11, 13,18,16); 
u=32: (~=,22,0,28), (17,16,8,29), (25,27,10,4), (7,19,21,12), 
(20,24,30,13), (1,6,2,9), (11,26,15,14), (3,18,5,23); 
u=33: (1,7,2,16),(26,6,13,9),(11,18,15,23),(27,3,4,5),(10,24, 
22,30), (20,8,31,25), (32,28, 17, 14), (12,21, 19,29); 
~~36: (m,16,0,33), V&18,25,23), (27,7,4,26), (12,1,20,2), (3,8, 
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5,29),(6,31,9,21),(14,22,34,28),(13,17,24,30),(11,10, 15, 
19); 
0=37(M): (1,31,36,6),(2,25,35,12),(3,19,34,18),(4,13,33,24),(5, 
7,32,30), (8,26,29,1 l), (9,20,28,17), (10,14,27,23), (15,21, 
22, 16); 
u = 41 (M): (1,32,40,9>, (2,23,39,18), (3,14,38,27), (4,5,37,36), (6,28, 
35,13),(7,19,34,22),(8,10,33,31),(11,24,30,17),(12,15, 
29,26), (16,20,25,21); 
v = 49 (M) : (1,6x, 6, x), (2,5x, 5,2x), (3,4x, 4,3x), (x + 1,6x + 1,6x + 6, 
x+6),(x+2,5x+ 1,6x+5,2x+6),(x+3,4x+ 1,6x+4, 
3x+6),(x+4,3x+ 1,6x+3,4x+6),(x+5,2x+ 1,6x+2, 
5x+6),(2x+2,5x+2,5x+5,2x+5),(2x+3,4x+2,5x+4, 
3x+5),(2x+4,3x+2,5x+3,4x+5),(3x+3,4x+3,4x+4, 
3x+4); 
u = 53 (M): (1,30,52,23), (2,7,51,46), (3,37,50,16), (4,14,49,39), (5, 
44,48,9X (6,21,47,32), (8,28,45,25), (10,35,43,18), (11,12, 
42,41), (13, 19,40,34), (15,26,38,27), (17,33,36,20), (22,24, 
31,29); 
u = 61 (M): (1,50,60, 1 l), (2,39,59,22), (3,28,58,33), (4,17,57,44), (5, 
6,56,55),(7,45,54,16),(8,34,53,27),(9,23,52,38), (10, 12, 
51,49),(13,40,48,21),(14,29,47,32),(15,18,46,43),(19,35, 
42,26), (20,24,41,37), (25,30,36,3 1); 
0=73 (M): (1,46,72,27),(2, 19,71,54),(3,65,70,8),(4,38,69,35),(5, 11, 
68,62), (6,57,67,16), (7,30,66,43), (9,49,64,24), (10,22,63, 
51), (12,41,61,32), (13,14,60,59), (15,33,58,40), (17,52,56, 
21), (18,25,55,48), (20,44,53,29), (23,36,50,37), (26,28,47, 
45), (3 1,39,42,34); 
v = 8 1 (M) : ((0, I), (0,2x), (0,2), (0, x)), ((0, x + l), (0,2x + l), (0,2x + 2), 
(0, x + 2)), ((1, O), (2, O), (2,0), (x, O)), ((x + 1, O), (2x + 1, O), 
w + 2, O), (x + 2, O)), ((1 , 1 ), (2x, 2-a (2,2), (XT x)), (( 1,2), (2-G 
x), (2,1), (x, h)), (( 1, x), (2x, 1 ), (2,2x), (x, 2)), (( 1, x + 1 ), (2% 
~+1),(2,2x+2),(~,~+2)),((1,~+2),(~,~+1),(2,2~+1), 
(XT 2x+ 2)), ((1,2x), w, 2), (2,x), (A l)), ((1,2x+ I), 
(2x, 2x + 2), (2, x + 2), (x, x + 1 )), (( 1,2x + 2), (2x, x + 2), 
(2,x+1),(x,2x+1)),((x+1,1),(2x+1,2x),(2x+2,2), 
(x + 2, x)), ((x + 1,2), (2x + 1, x), (2x + 2,1), (x + 2,2x)), 
((x+1,x),(2x+ 1,1),(2x+2,2x),(x+2,2)),((x+ 1,x+ l), 
(2x+ 1,2x+ 1),(2x+2,2x+2),(x+2,x+2)),((x+ 1,x+2), 
(2x-t 1,x+ 1),(2x+2,2x+ l),(x+2,2x+2)),((x+ 1,2x), 
(2x+ 1,2),(2x+2,x),(x+2,l)),((x+ 1,2x+ 1),(2x+ 1, 
u=89 (AI): 
u=97 (M): 
u=lOl (M): 
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2x+2),(2x+2,x+2),(x+2,x+ l)),((x+ 1,2x+2), 
(2x+ 1,x+2),(2x+2,x+ 1),(x+2,2x+ 1)); 
(1,55,88,34), (2,21,87,68), (3,76,86,13), (4,42,85,47), (5, 
8,84,81), (6,63,83,26), (7,29,82,60), (9,50,80,39), (10,16, 
79,73), (11,71,78, 18), (12,37,77,52), (14,58,75,31), (15, 
24,74,65), (17,45,72,44), (19,66,70,23), (20,32,69,57), 
(22,53,67,36), (25,40,64,49), (27,61,62,28), (30,48,59, 
41), (33,35,56,54), (38,43,51,46); 
(1,75,96,22), (2,53,95,44), (3,31,94,66), (4,9,93,88), (5, 
84,92, 13), (6,62,91,35), (7,40,90,57),(8, 18,89,79), (10, 
71,87,26),(11,49,86,48), (12,27,85,70), (14,80,83, 17), 
(15,58,82,39), (16,36, 81,61),(19,67,78,30), (20,45,77, 
52), (21,23,76,74), (24,54,73,43), (25,32,72,65), (28,63, 
69,34), (29,41,68,56), (33,50,64,47), (37,59,60,38), (42,46, 
55,51); 
(1,91,100, lo), (2,81,99,20),(3,71,98,30), (4,61,97,40), (5, 
51,96,50), (6,41,95,60), (7,31,94,70), (8,21,93,80), (9,11, 
92,90),(12,82,89,19),(13,72,88,29),(14,62,87,39),(15, 
52,86,49),(16,42,85,59), (17,32,84,69), (18,22,83,79), 
(23,73,78,28), (24,63,77,38), (25,53,76,48), (26,43,75, SS), 
(27,33,74,68), (34,64,67,37), (35,54,66,47), (36,44,65,57), 
(45,55,56,46); 
o = 109 (AI): (1,76, 108,33), (2,43,107,66), (3, 10,106,99), (4,86,105,23), 
(5,53, 104,56),(6,20, 103,89), (7,96, 102, 13),(8,63, 101, 
46), (9,30,100,79), (11,73,98,36), (12,40,97,69), (14,83, 
95,26), (15,50,94,59), (16, 17,93,92), (18,60,91,49), (19,27, 
90,82), (21,70,88,39), (22,37,87,72), (24,80,85,29), 
(25,47,84,62), (28,57,81,52), (31,67,78,42), (32,34,77,75), 
(35,44,74,65), (38,54,71,55),(41,64,68,45X (48,51,61,58); 
u=113 (M): (1,98,112,15),(2,83,111,30),(3,68,110,45),(4,53,109,60), 
(5,38, 108,75), (6,23, 107,90), (7,8, 106, 105), (9,91, 104, 
22), (10,76,103,37), (l&61,102,52), (12,46,101,67), (13, 
31,100,82), (14,16,99,97), (17,84,96,29),(18,69,95,44), 
(19,54,94,59), (20,39,93,74), (21,24,92,89), (25,77,88,36), 
(26,62,87,51), (27,47,86,66), (28,32,85,81), (33,70,80,43), 
(34,55,79,58), (35,40,78,73), (41,63,72,50), (42,48,71,65), 
(49,56,64,57); 
II=117 (M): ((0,1),(0,2x),(0,2),(0,x)),((0,x+1),(0,2x+~),(0,~+2), 
(0,x+ 2)), ((1, O), (5, Oh (12, O), (8,0)), ((2, O), (10, O), (11, O), 
(3, O)), ((4, O), (7, O), (9, O), (6,0)), (( 1 ,1 ), (5,2x), ( 12,2), (8, x)), 
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((1,2),(5,~),(12~1),(8,2x)),(o,(5,1)~,~~,~~~, 
((Lx+ 1),(5,2x+ 1),(12,2~+2),(8,~+2)),((1,~+22),(5, 
x+1),(12,2x+1),(8,2x+2)),((1,2x),(5,2),(12,x),(8,1)), 
((1,2x+ 1),(5,2x+2),(12,x+2),(8,x+ 1)),((1,2x+2),(5, 
~+2),(12,~+1),(8,2~+~)),((2,1),(10,2x),(~1,2),(3,x)), 
((2,2),(10,~),(11,1),(3,~)),((2,x),(10,1),(11,2x),(3,2)), 
((2,x+ 1),(10,2x+ 1),(11,~+2),(3,~+2)),((2,~+2),(10, 
X+ 1),(11,2x+ 1),(3,2~+2)),((2,2x),(10,2),(11,x),(3,1)), 
((2,2x+1),(10,2x+2),(11,x+2),(3,x+1)),((2,2x+2), 
(10,x+2),(11,x+ 1),(3,2x+ 1)),((4,1),(7,2~),(9,2),(6,~)), 
((4,2), (7, x), (9,1), (6,2x)), ((4, x), (7,1), (9, Zu), (6,2)), ((4, 
x+1),(7,2x+1),(9,2x+2),(6,x+2)),(4,x+2),(7,x+1), 
(9-2~ + 1X (6,2x + 2)), ((4, a), (7,2), (9, x), (Cl)), ((4,2x + 
1 ), (7,2x + 2), (9, x + 2), (6, x + I)), ((4,2x + 2), (7, x + 2), (9, 
x+ l), (6,2x+ 1)); 
o = 121 (M): (1,10x, 10,x), (2,9x, 9,2x), (3,8x, 8,3x), (4,7x, 7,4x), (5,6x, 
6,5x),(x+ 1,10x+ 1,10x+ 10,x+ 10),(x+2,9x+ 1,10x+ 
9,2x+10),(x+3,8x+1,10x+8,3x+10),(x+4,7x+1, 
10x+7,4x+10),(x+5,6x+1,10x+6,5x+10),(x+6,5x+ 
1,10x+5,6x+10),(x+7,4x+1,10x+4,7x+10),(x+8, 
3x+ 1,10x+3,8x+ 10),(x+9,2x+ 1, 10x+2,9x+ lo), 
(2x+2,9x+2,9x+9,2x+9),(2~+3,8x+2,9x+8,3x+9), 
(2~+4,7~+2,9~+7,4~+9),(2~+5,6~+2,9~+6,5~+9), 
(2x+6,5x+2,9x+5,6x+9),(2~+7,4x+2,9x+4,7x+9), 
(2x+8,3x+2,9x+3,8x+9),(3x+3,8x+3,8~+8,3x+8), 
(3x+4,7x+3,8x+7,4x+8),(3x+5,6x+3,8x+6,5x+8), 
(3x+6,5x+3,8x+5,6x+8),(3x+7,4x+3,8x+4,7x+8), 
(4x+4,7x+4,7x+7,4x+7),(4x+5,6x+4,7x+6,5x+7), 
(4x+6,5x+4,7x+5,6x+7),(5x+5,6x+5,6x+6,5x+6). 
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